We investigate a Bose-Einstein condensate in strong interaction with a single impurity particle. While this situation has received considerable interest in recent years, the regime of strong coupling remained inaccessible to most approaches due to an instability in Bogoliubov theory arising near the resonance. We present a nonlocal extension of Gross-Pitaevskii theory that is free of such divergences and does not require the use of the Born approximation in any of the interaction potentials. We find a new dynamical transition regime between attractive and repulsive polarons, where an interaction quench results in a finite number of coherent oscillations in the density profiles of the medium and in the contact parameter.
The motion of an impurity through a dynamical medium consisting of many interacting particles or field excitations is a fundamental physical problem. The impurity gets dressed by a cloud of excitations of the medium, which may enhance its mass (or even generate it in the first place, as in the Higgs effect) and also renormalize other properties [1, 2] . Conversely, the medium is deformed in the vicinity of the impurity. This blurs the distinction between impurity and medium, and new many-body excitations and entangled states emerge [3] . In particular, an impurity subject to a strong attractive interaction with the particles in the medium may form bound states with them. Such many-body bound states allow one to probe the properties of the medium itself and occur, e.g., in ultracold gases [4, 5] , Rydberg systems [6] , semiconductor heterostructures [7] , or as dissipative bound states in photonic crystals and matter waves [8, 9] .
Recent experiments with ultracold quantum gases have probed impurity atoms in a Bose-Einstein Condensate (BEC) medium, so-called Bose polarons [6, [10] [11] [12] [13] [14] [15] . In these systems, the impurity-boson (IB) interaction can be tuned by a Feshbach scattering resonance to strong attraction and even to the formation of two-body bound states between impurity and bosons [16] . While such bound states are well understood on the the two-body level, they lead to a new competition on the many-body level: the short-range attraction tends to bind as many medium particles as possible to the impurity and strongly enhances the local medium density, while the short-range boson-boson (BB) repulsion between the medium particles counteracts this effect and tends to spread the bosons evenly. This competition can cause new dynamical manybody effects such as quantum flutter [17] .
Previous theoretical approaches based on the Fröhlich Hamiltonian [1, 3, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] accurately describe the 3D Bose polaron at weak coupling. In order to capture the bound state at strong coupling, it is necessary to go beyond the Fröhlich model and include quadratic coupling terms [4, 5, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Even then, the use of the Bogoliubov approximation misses a crucial part of the boson repulsion required to balance the local attraction [5, 38] . Alternatively, Gross-Pitaevskii theory fully incorporates boson repulsion but does not describe bound states with a local interaction in Born approximation [40, 41] .
In this letter, we develop a nonlocal extension of Gross-Pitaevskii theory (GPT) that captures both competing effects on equal footing. This requires incorporating the explicit spatial form of the competing short-range attractive and repulsive interaction potentials. We apply our approach to study quench dynamics resulting from suddenly switching on the interaction between impurity and bosons: for this case, we predict stable and long-lived coherent oscillations of the medium density and correlations in space and time on the repulsive side of a scattering resonance; these are within reach of experimental observation. Near the (phase) boundary between the attractive and repulsive Bose polaron dynamics close to resonance, we find a new dynamical transition regime where a finite number of coherent oscillations occur before an attractive polaron is formed.
Model.-The Hamiltonian of a Bose gas with a single impurity is, in first quantized form,
where indices I and B stand for impurity and bosons with masses m I and m B , respectively, and i, j enumerate the bosons. We assume a repulsive BB interaction V BB (x) > 0 and an attractive IB interaction V IB (x) < 0. For a single impurity it is convenient to use relative coordinates comoving with the impurity, making use of total momentum conservation. This is achieved by the Lee-Low-Pines (LLP) transformation [1, 42] generated by S =x I · ip B,i . Writing p 0 for the conserved total momentum and x i for the relative coordinate of the i th boson, we obtain the LLP Hamiltonian H LLP = exp(iS)H exp(−iS): Gross-Pitaevskii theory in relative coordinates.-The case of a long-range impurity potential V IB can be described by standard GPT [43] . In particular, this includes interesting cases where the impurity potential has a bound state, which mimics the repulsive side of a Feshbach resonance. When this potential is suddenly switched on, long-lived coherent oscillations appear from the interference between the bound state and the homogeneous BEC state [38] . In the following, we first introduce GPT and discuss under which conditions is can be applied to the Hamiltonian (1); we then develop the new theory that works also for competing short-range potentials.
A heuristic derivation of GPT consists in replacing a radial BB potential by a local term in Born approxima-
where a BB is the scattering length, and making a product ansatz
where φ is normalized as d d x |φ(x)| 2 = N .
In the thermodynamic limit one derives the energy functional
. It differs from the usual GP energy functional in three ways: (i) the external potential is replaced by the impurity potential, which is static in the LLP frame; (ii) the kinetic term contains the reduced mass instead of the boson mass, and (iii) the term in the second line induces correlations between bosons due to the motion of the impurity. It is non-constant only when φ is not spherically symmetric: within the product ansatz (2), this is the case only when the impurity is initially moving with respect to the condensate (p 0 = 0).
Applicability of GPT to Bose polarons.-GPT is usually applied to a Bose gas confined in an external potential that varies on a length scale larger than the range of the BB potential. This separation of scales justifies the Born approximation above. For the system at hand, this means that the energy functional (3) can only be applied when the range of impurity potential V IB is large, but not for arbitrary potential shapes where the length scales no longer separate. In particular, a contact impurity interaction would require the boson field φ(x) to diverge as 1/|x| near the impurity |x| → 0, but then the BB term x |φ(x)| 4 ∼ 1/r 0 diverges with the inverse potential range r 0 . Hence, standard GPT fails to describe competing short-range interactions as they occur in ultracold quantum gases.
If both potentials are weak, the Born approximation may be applied to V IB as well, hence it works when the two interaction length scales are of the same order [40, 41] . Here, however, we are interested in large IB coupling and need to look for a theory that takes into account the interaction potential shapes in more detail.
Generalization to strong coupling.-GPT was rigorously proven to be exact for the ground state of a dilute gas, for a large class of repulsive BB potentials and without requiring the Born approximation [44] . An essential insight is that the wave function is not described by a pure product state (which would immediately lead to infinite energy in the case of a hard-sphere potential), but rather by [44, 45] 
Here, F encodes two-body effects: F = 1 when all particles are far apart from each other, but it behaves as the zero-energy scattering solution when any two particles are close to each other, and as a product of such twobody wave functions when multiple two-clusters occur. For a soft potential, F ≈ 1 everywhere and the product state is recovered. Specifically, we choose
where f is the zero-energy scattering solution of the twoboson problem, normalized as lim |x|→∞ f (x) = 1,
For instance, a hard-sphere potential of range a BB has f (x) = max(0, 1 − a BB /|x|). The two-body correlated wave functions (4) were first employed by Jastrow [46] in a different context, and ansatzes of similar type have also been used in rigorous studies of BEC dynamics [47] [48] [49] .
Taking the expectation value of the Hamiltonian (1) in a correlated wave function of the form (4), we obtain the energy functional E[φ] = Ψ|H|Ψ Ψ|Ψ in the low-density limit as the first main result of this work, and the square brackets yield the Born approximation 2πa BB /m B [44] . At strong coupling, instead, the pair correlations contained in f (x) are crucial to render the short-range interaction finite. The term in the last line captures recoil effects, which arise from correlations beyond the product state.
Dynamics.-We apply (5) to the situation where an impurity is suddenly quenched from a noninteracting to an interacting state, as can be realized by a hyperfine transition in experiment. We assume that the wave function retains the correlated form (4) with fixed f (x), while φ(x, t) varies in time. This is directly analogous to the derivation of the dynamical GP equations from the GP energy functional; the corresponding nonlinear Schrödinger equation is obtained by varying L = Ψ|i∂ t − H|Ψ / Ψ|Ψ with respect to φ. This yields Fig. 1(b) , while r denotes the distance from the impurity. One can see the dynamical transition from a repulsive to an attractive polaron: At short times (a), a halo of depletion around the impurity forms and oscillates in depth. This is a feature of the repulsive polaron, as shown in [38] . At intermediate times, the depletion hole moves outwards and becomes more shallow (b). Finally, the profile of an attractive polaron is approached (c).
We solve this equation numerically with the initial condition of a flat BEC, φ(x, t = 0) = √ n 0 , and an impurity at rest, p 0 = 0. For the interaction potentials, we take V BB to be either a Gaussian potential of range σ BB , V BB (r) = V 0 exp −r 2 /σ 2 BB , or a hard-sphere potential, while V IB is modelled as a contact interaction using the 3D Fermi pseudo-potential with scattering length a IB ,
This corresponds to the Bethe-Peierls boundary condition for t > 0, lim r→0 rφ(r) + a IB ∂ r rφ(r) = 0 .
The 3D contact potential is always attractive and has no bound state for weak attraction where a IB < 0 ("attractive side"). For strong attraction beyond the scattering but different shapes (see inset). The onset of the oscillations marks the transition from an attractive to a repulsive polaron. We find that the transition point depends on the shape of the BB potential and is shifted further toward the repulsive regime for a hardcore interaction (black line). Softer potentials (grey), instead, approach the Bogoliubov result (dashed) [38] with mean-field shifted resonance position a −1 + [5] . For weaker coupling, the oscillation frequencies approach the two-body binding energy EB (dotted) [38] . Parameters and units as in Fig. 1. resonance 1/a IB = 0, there is a single bound state of energy E B = 2m red a 2 IB −1 , while the scattering length a IB > 0 is positive ("repulsive side") [16] .
Results.-Previous approaches based on Bogoliubov theory [34, 38] have shown that the Bose polaron exhibits convergent behavior on the attractive side and oscillatory behavior on the repulsive side of the Feshbach resonance, but they exhibit a dynamical instability near the Feshbach resonance. The present approach is free of such instabilities, which allows us to investigate the transition region near the Feshbach resonance.
Transition from convergent to oscillatory dynamics.-In Fig. 1 , we show the time evolution of Tan's contact parameter C = |4π lim r→0 rφ(r)| 2 [50] , which quantifies the probability to find bosons near the impurity and determines the short-distance singularity of the pair correlation function g (2) IB (r) = R n B (R + r)n I (R) = C/(4πr) 2 + O(1/r). For an ideal BEC, the transition between convergent and oscillatory behavior is exactly at the resonance a −1 IB = 0 and the frequency is given by the binding energy E B of one boson to the impurity [38] . In the presence of BB interactions, the boundary is shifted towards the repulsive regime and the system remains convergent at large positive scattering lengths, as shown in Fig. 1(a) . In the transition region, the system performs only a finite number of oscillations before assuming convergent behavior ( Fig. 1(b) ). This critical region is narrow and the number of oscillations grows rapidly as the scattering length is tuned further to the repulsive side ( Fig. 1(c) ).
The dynamical transition in Fig. 1(b) is clearly visible also in the density profiles of the BEC around the impurity (Fig. 2) : for short times the condensate density is strongly depleted in a halo around the impurity that oscillates in space and time, typical of a repulsive polaron. For later times, instead, the depletion propagates outwards and the density profiles of the BEC attain the shape of an attractive polaron. This dynamical transition regime was inaccessible with previous approaches based on the Bogoliubov approximation and is the second main result of this work.
Position of the resonance in medium and dependence on potential shape.-For competing short-range interactions, the question arises whether the BB interaction is characterized by its scattering length alone, as in GPT and Bogoliubov theory, or whether further details of the potential need to be taken into account. To answer this question, we compute the oscillation frequency after a quench close to the resonance for different BB potential shapes with the same scattering length but different height and width, as shown in Fig. 3 (inset) . For weak IB coupling a IB n −1/3 0 the curves converge, demonstrating that the BB interaction is indeed fully characterized by the scattering length alone. Closer to the resonance, however, the curves differ significantly. In particular, the transition point between attractive and repulsive polaron that marks the onset of oscillations is shifted much further into the repulsive regime for a hard-sphere potential than for one that is soft and long-range. The result obtained from Bogoliubov theory with a coherent-state ansatz [38] is obtained in the limit of soft potentials where the Born approximation is valid. In this case, the transition occurs at the mean-field shifted resonance position a IB = a + [5, 38] [51] as indicated in Fig. 3 .
To conclude, we have developed a nonlocal extension (5) of Gross-Pitaevskii theory that is able to treat the impurity-BEC problem at large coupling strengths a IB ∼ n −1/3 0 also close to a Feshbach resonance. We find a new dynamical transition region between attractive and repulsive polarons, where the BEC performs a finite number of repulsive oscillations around the impurity before converging to an attractive polaron profile. These phenomena might be observed with current experiments in ultracold atomic gases [6, 12, 13, 15] . The medium interaction shifts the interesting transition region further away from the resonance toward the repulsive side, and this makes it even easier to observe before three-body recombination occurs. Our approach captures recoil effects, which could not be described by GPT or Bogoliubov theory with coherent variational states, and therefore applies also to ultracold atomic gases with mobile impurities.
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